The discovery of topological quantum states is one of the most promising advancements in condensed matter physics. Up to now, topological concepts have mainly highlighted electronrelated systems, such as topological insulators [1] [2] [3] or topological semimetals. [4] [5] [6] [7] These findings immensely strengthen the understanding of band topology and low-energy excitations of electrons in crystalline solids. Topological orders in electronic materials provide potentially intriguing applications of dissipationless electronic devices or topological quantum computation. 8 Beyond the various nontrivial fermionic electrons, the investigations of topological states are also intensively generalized to bosonic systems, such as photons in photonic crystals [9] [10] [11] [12] , classical elastic waves in macroscopic artificial phononic crystals, [13] [14] [15] [16] [17] and phonons in crystalline materials. [18] [19] [20] [21] [22] The subjects of nontrivial bosons greatly enrich the physics of symmetry-protected topological orders.
Of particular importance is topological phonons induced by atomic vibrations at THz frequency, which play critical roles in thermal transports, electron-phonon coupling, or multi-phonon process.
However, there are only a few materials related to topological phonons to date, such as double Weyl phonons in transition-metal monosilicides, 19, 20 two-component and three-component phonons in WC-type compounds, 21 and nodal-line phonons in MgB 2 . 22 All these reported candidates possess three-dimensional (3D) linear dispersions in their phonon band structures. In comparison with 3D cases, the symmetries are lower in 2D crystals. Therefore, 2D materials with less symmetry constraints can more intuitively exhibit topological features of phonons. Unfortunately, the 2D phonon topology in realistic materials has been rarely reported in the literatures.
To investigate the phonon topological features in 2D, we recall the electronic band topology in graphene. 23 The discovery of graphene has given rise to tremendous interests in 2D materials. [24] [25] [26] [27] More importantly, its electronic band structure possessing two degenerate and inequivalent valleys in momentum space exhibits topological semimetallic features in the absence of spin-orbital coupling (SOC). 28 The massless Dirac fermions are protected by space-time inversion (IT ) with spin-rotation symmetry. 29 However, SOC is a fundamental effect of electrons in solids, and thus Dirac cones at the corners of the hexagonal Brilllouin zone (BZ) in graphene must be destroyed, converting into a quantum spin Hall (QSH) insulator with a nontrivial gap (i.e., a 2D topolog-3 ical insulator). 30 A phonon is the quantized elementary vibrational mode of interacting atoms, which is typically spinless 31 . Hence, the degenerate bands of Dirac phonons are not hybridized due to the lack of SOC, and the time-reversal (T ) symmetry of phononic systems is generally conserved. Recently, theoretical investigations indicated that phonons in hexagonal lattices could exhibit pseudospin-related topological effects and valley phonon Hall effects. [32] [33] [34] Therefore, it is highly desirable to explore or design topological phonon states in 2D realistic candidates with the hexagonal symmetry. We first elucidate the topological features of phonons in hexagonal lattices. Considering IT symmetry and three-fold rotational C 3 symmetry, many 2D materials crystallized in hexagonal lattices can possess linear crossings in phonon spectra at the corners of BZ, i.e., the K and K points as shown in 1(a). The K and K points also respectively represent two distinct valleys. Phonons are typically bosons, and therefore the topological features in the whole range of phonon frequencies can be detected. Here, we consider the Dirac phonon states formed by two arbitrary adjacent phonon branches that linearly cross at the K and K points [see 1(b) ]. Since the high-symmetry points K and K possess the C 3 symmetry, the phonon Dirac cones are isotropic as shown in 1(c).
The quasiparticles near the Dirac points can be described by an effective Hamiltonian as
where H is referenced to the frequency of a Dirac point, v D is the corresponding phonon group velocity, σ i are Pauli matrices, τ z = ±1 respectively label two distinct valleys K and K , and q represents the wave vector relative to the valley centers. It is well known that the Berry phase is useful to reveal topological features. Similar to electron systems, we can also define the phonon Berry connection
where ϕ λ (q) is the Bloch wavefunction of the λ th phonon branch. Combining the lattice dynamical matrix D(q) and the atomic eigen-displacement u q , the phonon Bloch wavefunction is expressed as 18,34
whereu q is time derivative of u q . 2 and 3 indicate that we can calculate the Berry connection A(q) using atomic force constants, which can be obtained from a finite displacement method 35 or density-functional perturbation theory (DFPT). 36 The corresponding phonon Berry curvature is
Since the phonon Dirac point is a singularity in momentum space, Ω(q) must be divergent at 
37-39
To verify the existence of phonon topology in our recipe, we combined high-throughput and lattice dynamics calculations to obtain phonon spectra with fixing the Bravais lattices in 2D hexag-6 onal symmetry. We carried out first-principles calculations using the Vienna ab initio Simulation Package (VASP) 40 based on density functional theory. 41 The exchange-correlation potential employed Perdew-Burke-Ernzerhof type generalized gradient approximation. 42, 43 The core-valence interactions were treated by the projector augmented wave method 44, 45 with the cutoff energy of 600 eV. An accurate optimization of structural parameters was calculated by minimizing the forces on each atom smaller than 0.0001 eV/Å. The full BZ was sampled by 21 × 21 × 1 MonkhorstPack grid. 46 Real-space force constants were generated from DFPT with 4 × 4 × 1 supercells. The phonon dispersions were calculated by diagonalization of force constants as implemented in the PHONOPY code. 47 To reveal the phonon topological features, we constructed a Wannier tightbinding (TB) Hamiltonian of phonons from the second rank tensor of force constants. 47 Then, the phonon Berry phase can be determined from integrals of phonon Berry curvature using the Wilson-loop method. 48, 49 The iterative Green's function method was employed to obtain phonon edge states of semi-infinite nanoribbons. 50 As shown in 2(a) and 2(b), the 2D candidates CrI 3 and YGaI both crystallize in hexagonal lattices with primitive unit cell vectors a 1 = ax and a 2 = The presence of band degeneracies at the K (or K ) points of hexagonal BZ is due to the coexistence of IT symmetry for phonons, even though some candidates in our recipe may be magnetic. For instance, the monolayer CrI 3 possesses the ferromagnetic order below T c . The magnetic structures can break the T symmetry of a crystal, especially for electrons. However, phonons are typically neutral bosons 31 and do not couple to magnetic fields (or magnetization) to the first order.
Besides, there is no structural phase transition between ferromagnetic and nonmagnetic phases of CrI 3 . 37 In our theoretical frame, the magnetic order originated from electrons only modifies the amplitudes of the force constants between interacting atoms. As the force constants are always real, the high-order coupling between phonons and magnetization can be ignored. To confirm this, we make a comparison between the ferromagnetic and nonmagnetic phases of the phonon spectra of CrI 3 (see Figure S4 in SI). There are only tiny frequency shifts, implying that the topological Dirac phonon features in the the ferromagnetic and nonmagnetic phases are essentially the same.
Thus, the T symmetry breaking for phonons in CrI 3 is so weak and can be negligible.
It is well known that the Berry curvature is analogical to a magnetic field in momentum space.
To reveal the topological features of Dirac phonons, we calculated the phonon Berry curvature using the Wannier TB Hamiltonian constructed from real-space force constants. 47 As a representative, we focus on the ideal Dirac phonon of CrI 3 with the frequency ω = 3.542 THz. As shown in 4(a) and 4(b), we plot the distributions of Berry curvature in momentum space. As expected, the nonzero Ω z (q) diverges at K (or K ) valleys and rapidly vanishes away from K (or K ) valleys.
The distinct valleys K and K exhibit the opposite values of Ω z (q). Hence, the integral of Berry curvature Ω z (q) in whole BZ must be zero, which is in accordance with the coexistence of IT symmetry. For a closed path encircling the phonon Dirac point, we have numerically calculated the Berry phase γ [see 4(b) ]. The results show that the nontrivial Berry phase γ is precisely quan-tized to −π and π around the K and K valleys, respectively. In electron systems, the nonzero valley Berry curvature will induce an anomalous velocity in the transverse direction when applying an in-plane electric field, leading to a valley electron Hall effect. 28 The valley electron Hall effect has been observed in graphene superlattices 51 or monolayer MoS 2 . 52 Similarly, the quantized valley phonon Berry phase can also bring in many exotic topological quantum phenomena, such as a valley phonon Hall effect. 53 Analogous to electrons, a valley phonon Hall effect should be observed in the presence of an in-plane gradient strain field. 54, 55 The opposite values of Berry curvatures of two valleys induce the opposite transverse phonon currents, which can be used to detect the valley Dirac phonons. Dirac phonons is a powerful recipe for extending valley quantum phenomena for future research.
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